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1. Introduction
Let (M, g, I, J , K ) be a 4n-dimensional hyperkähler manifold. From those facts that K3 surfaces are hyperkähler and well
known to us, we may consider the hyperkähler manifolds as the extended version of K3 surfaces. Of course, hyperkähler
manifolds are the extended version of Kähler manifolds and each hyperkähler manifold has a family of Kähler structures to
be S2. That is the reason why we call them hyperkähler. But the author believes that to understand completely hyperkähler
manifolds, it is not suﬃcient to study the hyperkähler geometry only in the viewpoint of K3 surfaces.
In the complex geometry, in particular Kähler geometry, we usually handle the complex manifolds over the complex
ﬁeld C. Thus it is needed to study their second cohomology groups H2(M). Using the groups H2(M), we get much more
information about the manifolds M (e.g. the global Torelli theorem on K3 surfaces). Similarly, in the hyperkähler case we
have to deal with these manifolds over the quaternions H. So we need to study their 4th cohomology groups H4(M) to
understand these manifolds more deeply [5,9]. Surely, it is possible to obtain much information about the hyperkähler
manifolds by extending the well-known facts of K3 surfaces to the hyperkähler manifolds. But that is, the author believes,
not enough to understand the hyperkähler geometry.
The paper is organized as follows. In Section 2 we recall some basic facts about hyperkähler geometry in a
4n-dimensional compact simple hyperkähler manifold (M, g, I, J , K ). In Section 3 we construct a new quadratic form gM
on H4(M) and study its properties. In Section 4 we examine the signature of gM . Finally, we conclude with some remarks
including a short remark about the global Torelli problem on the higher dimensional hyperkähler manifolds.
2. Bogomolov–Beauville quadratic form
Deﬁnition 2.1. Let (M, g) be a 4n-dimensional Riemannian manifold. (M, g) is hyperkähler if there exist three complex
structures I , J , and K such that a) I ◦ J = − J ◦ I = K , b) g is Kähler with respect to each complex structure R ∈ {I, J , K }.
Then we call g a hyperkähler metric on M , (g, I, J , K ) a hyperkähler structure, and (M, g, I, J , K ) a hyperkähler manifold.
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simply connected. Consider the complex manifold (M, I). Let ωR := g(R , ) for each R ∈ {I, J , K } and σ := ω J +
√−1ωK .
Then σ is called the canonical holomorphic symplectic form on (M, I). A 2-form α is said to be holomorphic symplectic if it
is an everywhere non-degenerate closed holomorphic 2-form on (M, I).
Deﬁne a quadratic form f on H2(M, I) by
f (α) := n
2
∫
(σ σ¯ )n−1α2 + (1− n)
∫
σ n−1σ¯ nα ·
∫
σ nσ¯ n−1α (1)
for α ∈ H2(M, I). Then the quadratic form f is called Bogomolov–Beauville form. Throughout this paper, we will use these
notations. We may assume
∫
(σ σ¯ )n = 1. Then we have
Theorem 2.1. There exists a positive constant c ∈ R such that q := cf deﬁnes a primitive integral form on H2(M,Z) of signa-
ture (3,b2(M) − 3) such that H2(M,R) = F (α) ⊕ H2(M,R)F (α) is orthogonal for all Kähler classes α, where F (α) := R <
α, [ω J ], [ωK ] > and H2(M,R)F (α) := {β ∈ H1,1(M)R | α2n−1β = 0}. Moreover, q(σ ) = 0 and q(σ + σ¯ ) > 0 [5].
Theorem 2.2. Assume α ∈ H2 j,2 j(M, I) is of type (2 j,2 j) on all small deformations of (M, I). Then there exists a constant c ∈ C
depending only on α such that∫
αβ2(n− j) = c · f (β)n− j
for all β ∈ H2(M, I). In particular, if α = [M] ∈ H0(M, I), then ∫ β2n = c · f (β)n with c a positive real constant [5,2].
Corollary 2.1. For any α ∈ H1,1(M, I) and 0 p  n one has
f (α)p = cp
∫
α2p(σ σ¯ )n−p,
where cp =
(2n
n
)−1(2n
2p
)(2n−2p
n−p
)(n
p
)−1 [6].
Proof. Consider f (tα + σ + σ¯ )n = (2nn )−1 ∫ (tα + σ + σ¯ )2n for arbitrary t ∈ R, which is obtained by Theorem 2.2. Then
n∑
p=0
(
n
p
)
f (α)p f (σ + σ¯ )n−pt2p =
(
2n
n
)−1 n∑
p=0
(
2n
2p
)∫
α2p(σ + σ¯ )2n−2pt2p
=
(
2n
n
)−1 n∑
p=0
(
2n
2p
)(
2n − 2p
n − p
)∫
α2p(σ σ¯ )n−pt2p.
Comparing the coeﬃcients of t2p of both sides yields(
n
p
)
f (α)p =
(
2n
n
)−1(2n
2p
)(
2n − 2p
n − p
)∫
α2p(σ σ¯ )n−p. 
Proposition 2.1. If α is a (1,1)-form on (M, I), then
αω2n−2J = αω2n−2K = 22−2n
(
2n − 2
n − 1
)
α(σ σ¯ )n−1.
Proof. Since 2ωK =
√−1(σ¯ − σ) and α is of type (1,1) on (M, I), we have
22n−2ω2n−2K α = (−1)n−1
2n−2∑
p=0
(−1)p
(
2n − 2
p
)
σ pσ¯ 2n−2−pα =
(
2n − 2
n − 1
)
(σ σ¯ )n−1α.
Similarly, we can prove the other cases. 
Corollary 2.2.
ωIω
2n−2
I = (2n − 1)ωIω2n−2J = (2n − 1)ωIω2n−2K
= 22−2n n
2
(
2n
n
)
ωI (σ σ¯ )
n−1.
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IωI = 1
(2n − 1)!ω
2n−1
I and K ωI =
1
(2n − 2)!ω
2n−2
K ωI ,
since ωI is ωK -primitive.
Thus, ωIω
2n−2
I = (2n − 1)ωIω2n−2K . By Proposition 2.2, the result follows. 
Furthermore, we see
1 = 1
(2n)!ω
2n
I =
1
(2n)!ω
2n
J =
(2n
n
)
(2n)!22n (σ σ¯ )
n = 1
(2n)!ω
2n
K .
3. New quadratic form
Let (M, g, I, J , K ) be a 4n-dimensional compact simple hyperkähler manifold with n 2. With the notations of Section 2,
we assume
∫
(σ σ¯ )n = 1. Then we know that∫
(σ J σ¯ J )
n =
∫
(σK σ¯K )
n = 1,
where σ J := ωK +
√−1ωI and σK := ωI +
√−1ω J . Deﬁne a quadratic form gM on H4(M, I) by
gM(α) := n − 1
n
∫
(σ σ¯ )n−2α2 − 2(n + 1)
n
∫
σ nσ¯ n−2α
∫
σ n−2σ¯ nα
− n − 3
n − 1
(∫
(σ σ¯ )n−1α
)2
(2)
for α ∈ H4(M, I).
Remark 3.1. For the Bogomolov–Beauville form f , we can induce f as follows:
Firstly, deﬁne a quadratic form f˜ by
f˜ (α) := a
∫
(σ σ¯ )n−1α2 + b
∫
σ n−1σ¯ nα ·
∫
σ nσ¯ n−1α
for α ∈ H2(M, I), where a,b ∈ R. Then it is reasonable to claim the following equations:
f˜ (ωI ) = f˜ (ω J ) = f˜ (ωK ). (3)
Using the facts of Section 2, we have f˜ (ωI ) = a2n and f˜ (ω J ) = f˜ (ωK ) = a2 + b4 . By (3), a = n2 and b = 1− n.
Similarly, for the quadratic form gM on H4(M, I), we can have
gM
(
ω2I
)= gM(ω2J )= gM(ω2K ). (4)
By (4), we also induce the quadratic form gM as follows:
Deﬁne a quadratic form gM by
gM(α) := a
∫
(σ σ¯ )n−2α2 + b
∫
σ nσ¯ n−2α ·
∫
σ n−2σ¯ nα + c
(∫
(σ σ¯ )n−1α
)2
for α ∈ H4(M, I), where a,b, c ∈ R.
By the facts of Section 2, we easily get
gM
(
ω2I
)= 3
4n(n − 1)a +
1
4n2
c,
gM
(
ω2J
)= gM(ω2K )= 38a + 116b + 14c.
Thus, by (4),
b = −2(n + 1)
n
(
3(n − 2)
n − 1 a +
2(n − 1)
n
c
)
. (5)
Let a := a1n+a2n and c := c1n+c2n−1 . Then it is natural to claim the equation
3(n − 2)
a + 2(n − 1) c = 1. (6)
n − 1 n
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(3a1 + 2c1)n2 + (−6a1 + 3a2 − 2c1 + 2c2)n + (−6a2 − 2c2) = n2 − n.
Comparing the coeﬃcients of both sides yields⎧⎪⎨⎪⎩
3a1 + 2c1 = 1,
−6a1 + 3a2 − 2c1 + 2c2 = −1,
−6a2 − 2c2 = 0.
Hence,(a
b
c
)
=
⎛⎜⎝
a1(n−1)
n−2(n+1)
n
1
2 (1−3a1)n+3a1
n−1
⎞⎟⎠ .
If a1 = 1, then(a
b
c
)
=
⎛⎝ (n−1)n−2(n+1)
n−n+3
n−1
⎞⎠ .
Remark 3.2. Let (M, g, I, J , K ) be a 4n-dimensional compact simple hyperkähler manifold. Then we see that
f (ωI ) = f (ωR) for R ∈
{
aI + b J + cK ∣∣ a2 + b2 + c2 = 1}.
But in our case, we don’t have the corresponding condition
gM
(
ω2I
)= gM(ω2R) for R ∈ {aI + b J + cK ∣∣ a2 + b2 + c2 = 1}.
It happens because dim H4(M) is too larger than dim H2(M). See Example 4.1 and Example 4.2.
Then we obtain
• gM(ω2R) = 12n(n−1) for R ∈ {I, J , K },
• gM((σ + σ¯ )2) = 16gM(ω2J ) > 0,
• gM(σ σ¯ ) = n+1n(n−1) ,
• gM(σ 2 + σ¯ 2) = − 4n ,
• gM(ωI ∧ω J ) = gM(ωI ∧ωK ) = n−14n2 ,
• gM(ω J ∧ωK ) = gM( σ 2−σ¯ 24√−1 ) = − 14n ,
• gM(ω2I +ω2J +ω2K ) = (n+2)(2n+1)2n2(n−1) .
So, we will consider the following questions:
1. What is the signature of the quadratic form gM on H4(M,R)?
2. Let KM be the Kähler cone on (M, I). Can we say that gM(ω2) > 0 for each ω ∈ KM?
3. With the help of this quadratic form gM , can we attack the global Torelli problem on the higher dimensional hyperkäh-
ler manifolds? ([5,8])
Proposition 3.1. For any complex structure R = aI + b J + cK , where a2 + b2 + c2 = 1, we have
gM
(
ω2R
)= 1
2n2(n − 1)
(
2a2
(
1− a2)n2 + (5a4 − 5a2 + 1)n + 3a2(1− a2))> 0.
Let KM be the Kähler cone on the complex manifold (M, I) [5].
Theorem 3.1. On (M, I),
gM(ω
2) > 0 for ω ∈ KM .
Proof. Given a Kähler class ω ∈ KM , by the Calabi–Yau theorem [1,10], there is a hyperkähler metric gω on (M, I) such that
ω = [gω(I , )], where [gω(I , )] denotes the cohomology class of the Kähler form gω(I , ). By the deﬁnition of gω , we can
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√−1ωK˜ ,
where ωR := gω(R , ) for R ∈ {˜ J , K˜ }. Since dim H2,0(M, I) = 1, we get
σω = c · σ
for some nonzero c ∈ C.
Let
gˆ := 1|c| gω,
Ĵ := 1|c| (c1 J˜ + c2 K˜ ),
K̂ := 1|c| (−c2 J˜ + c1 K˜ ),
where c1 and c2 are the real and the imaginary parts of c, respectively. Then we can easily check that (gˆ, I, Ĵ , K̂ ) is also a
hyperkähler structure on M . Let σgˆ := gˆ(̂ J , ) +
√−1gˆ(K̂ , ). Deﬁne another quadratic form gσgˆ on H4(M, I) by
gσgˆ (α) :=
n − 1
n
∫
(σgˆσgˆ)
n−2α2 − 2(n + 1)
n
∫
σ ngˆ σgˆ
n−2α ·
∫
σ n−2
gˆ
σgˆ
nα − n − 3
n − 1
(∫
(σgˆσgˆ)
n−1α
)2
for α ∈ H4(M, I). Now, we see that σgˆ = σ and gM depends only on σ . So, gM = gσgˆ on H4(M, I). Therefore, we have
gM
(
ω2
)= gσgˆ (ω2)= |c|4 · gσgˆ (gˆ(I , )2)= |c|4 · 12n(n − 1) > 0. 
4. The signature of gM
Throughout this section, let (M, g, I, J , K ) be a 4n-dimensional compact simple hyperkähler manifold. Then we see
Theorem 4.1 (Hodge decomposition). On the complex manifold (M, I), we have
Hr(M, I) ∼=
⊕
p+q=r
H p,q(M) for 0 r  2n,
Hp,q(M) = Hq,p(M) for 0 p,q 2n [4].
Theorem 4.2 (Lefschetz decomposition). On (M, I), we get
Hm(M, I) =
⊕
k
Lk Pm−2k(M) for 0m 2n,
Pl(M) =
⊕
p+q=l
P p,q(M) for 0 l 2n,
where Pl(M) := (kerΛ) ∩ Hl(M, I) and P p,q(M) := (kerΛ) ∩ Hp,q(M), where L : Ar,s(M, I) 	→ Ar+1,s+1(M, I) by L(η) = η ∧ ωI
and Λ is the adjoint operator of L [4].
Let F be the hyperkähler 3-subspace of H2(M,R) generated by three Kähler forms ωI , ω J , ωK . Let N∗ be the subalgebra
of H∗(M,R) generated by F . For k 2n, deﬁne
Hk(M,R)F :=
{
α ∈ Hk(M,R) ∣∣ L2n−k+1λ α = 0 for any λ ∈ S2},
where Lλ : Ar,s(M, λ) 	→ Ar+1,s+1(M, λ) by Lλ(η) = η ∧ωλ and S2 := {aI + b J + cK | a2 + b2 + c2 = 1}.
Theorem 4.3. On M, we have
Hl(M,R) =
⊕
Nl−kHk(M,R)F for 0 l 2n
and for l n
Nl−k ⊗R Hk(M,R)F ∼= Nl−kHk(M,R)F [5].
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Hq
(
M,Ω pM
)
σ
:= ker(Ln−p+1σ : Hq(M,Ω pM) 	→ Hq(M,Ω2n−p+2M ))
and
Hq
(
M,Ω pM
)
σ¯
:= ker(Ln−q+1σ¯ : Hq(M,Ω pM) 	→ H2n−q+2(M,Ω pM)).
Theorem 4.4. There are holomorphic and antiholomorphic Lefschetz decompositions
Hq
(
M,Ω pM
)=⊕
k0
Lkσ H
q(M,Ω p−2kM )σ =⊕
k0
Lkσ¯ H
q−2k(M,Ω pM)σ¯ , 0 p,q n
and holomorphic, antiholomorphic Hard Lefschetz isomorphisms
Ln−pσ : Hq
(
M,Ω pM
)∼= Hq(M,Ω2n−pM ) for p  n
Ln−qσ¯ : Hq
(
M,Ω pM
)∼= H2n−q(M,Ω pM) for q n [5].
By Dolbeault Theorem, on (M, I), we can identify the group Hq(M,Ω pM) with the group H
p,q(M, I) for 0  p,q  2n.
Denote Hq(M,Ω pM)σ and H
q(M,Ω pM)σ¯ by H
p,q
σ and H
p,q
σ¯ , respectively.
On the complex manifold (M, I), conveniently, let
V1 :=
[
ω2I
] · R, V2 := L(P2,0 ⊕ P0,2)∩ H4(M,R),
V3 :=
(
P4,0 ⊕ P0,4)∩ H4(M,R), V4 := P2,2 ∩ H4(M,R),
V5 := LP1,1 ∩ H4(M,R), V6 :=
(
Lσ P1,1 ⊕ Lσ¯ P1,1
)∩ H4(M,R),
V7 :=
(
H3,1σ ⊕ H1,3σ¯
)∩ H4(M,R).
Using Theorem 4.1, Theorem 4.2, Theorem 4.3, and Theorem 4.4, we get
Proposition 4.1. On (M, I), we obtain the direct sum decomposition
H4(M,R) =
7⊕
i=1
Vi .
Proof. By Theorem 4.1,
H4(M, I) = (H4,0 ⊕ H0,4)⊕ (H3,1 ⊕ H1,3)⊕ H2,2.
Using Theorem 4.4 and Theorem 4.2, we have
H3,1 = H3,1σ ⊕ L1σ H1,1σ = H3,1σ ⊕ L1σ P1,1 ⊕ 〈σωI 〉.
Similarly,
H1,3 = H1,3σ¯ ⊕ L1σ¯ P1,1 ⊕ 〈σ¯ωI 〉.
Moreover,
H2,2 = P2,2 ⊕ L1P1,1 ⊕ 〈ω2I 〉.
Therefore, the result follows. 
Remark 4.1. Assume that n = 2. Then by the deﬁnition of H3,1σ , V7 = 0.
Theorem 4.5. On the complex manifold (M, I) with n  2, gM is positive deﬁnite on the subspace V i for i = 1,2, negative deﬁnite
on V i for i = 3,5,6, and zero on V7 , respectively.
Proof. By the calculations of Section 3, it is easy to see that gM is positive deﬁnite on the subspace Vi for i = 1,2 and
negative deﬁnite on V3. So, it suﬃces to prove our theorem for the cases i = 5,6,7.
For any nonzero ωIα ∈ V5, α ∈ P1,1 ∩ H2(M,R), by Theorem 2.2, we have
f (tα + sωI + σ + σ¯ )n =
(
2n
)−1 ∫
(tα + sωI + σ + σ¯ )2n (7)
n
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n(n − 1) f (α) · f (ωI ) =
(
n(n − 1)
2
)2 ∫
(σ σ¯ )n−2(ωIα)2
so that
gM(ωIα) = n − 1
n
∫
(σ σ¯ )n−2(ωIα)2 = 4
n2
f (ωI ) · f (α) = 1
n2
f (α) < 0.
The last inequality comes from Theorem 2.1.
For any nonzero σα + σα ∈ V6 with α ∈ P1,1, by Theorem 2.1, we have
gM(σα + σα) = 2(n − 1)
n
∫
(σ σ¯ )n−1αα¯ < 0.
For any α + α¯ ∈ V7 with α ∈ H3,1σ , by the deﬁnition of the class α, we get σ n−2α = 0. Hence,
gM(α + α¯) = 2(n − 1)
n
∫
σ n−2ασ¯ n−2α¯ = 0.
Therefore, the result follows. 
Remark 4.2. We don’t know whether gM is positive deﬁnite on V4 or not for n  3. But by the properties of the Hodge–
Riemann form [4], it is easy to verify that gM is positive deﬁnite on V4 for n = 2. By Theorem 4.2,
σ σ¯ = α1 +ωIα2 + tω2I (8)
for some α1 ∈ P2,2 ∩ H4(M,R), α2 ∈ P1,1 ∩ H2(M,R), and t ∈ R. Applying ω2n−2I to (8) and integrating this over M , we
obtain t = 22n−1 . Applying ω2n−3I α2 to (8), we get
ω2n−3I (σ σ¯ )α2 = ω2n−2I α22 +
2
2n − 1ω
2n−1
I α2.
Since α2 ∈ H2(M,R)F , this implies α2 = 0. If not, by the properties of the Hodge–Riemann form [4] 0 =
∫
ω2n−2I α22 < 0,
a contradiction. Therefore,
σ σ¯ = α˜ + 2
2n − 1ω
2
I
for some α˜ ∈ P2,2 ∩ H4(M,R) = V4. We easily obtain
gM(α˜) = 4n
3 + 4n2 − 3n − 2
n2(2n − 1)2 > 0.
When n = 2, gM is non-degenerate on H4(M,R).
Proposition 4.2. On (M, I), the subspaces V i and V j are orthogonal with respect to the quadratic form gM for 1 i < j  7 except
two cases (i, j) = (1,4) and (i, j) = (4,5).
Proof. By an elementary calculation, we can easily compute all the cases except the case (i, j) = (1,5).
For any ωIα ∈ V5 with α ∈ P1,1 and ω2I ∈ V1, we have
gM
(
ω2I ,ωIα
)= n − 1
n
∫
(σ σ¯ )n−2 ·ω2I ·ωIα.
In Eq. (7), comparing the coeﬃcients of the monomial ts3 of both sides yields
∫
(σ σ¯ )n−2ω3I α = 0. 
Remark 4.3. Since gM(ω2I , α˜) = 2n+12n2(2n−1) > 0, the subspace V1 is not orthogonal to the subspace V4 with respect to the
form gM . Let V4 := V4 ∩ H4(M,R)F . Then it is easy to check that the subspace V4 is orthogonal to the subspace V5 with
respect to the form gM .
Let vi := dim Vi for 1 i  7. Using Theorem 4.5 and Proposition 4.2, we get
Theorem 4.6. Let n = 2. On (M, I), the quadratic form gM has the signature (v1 + v2 + v4, v3 + v5 + v6) on H4(M,R).
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is also positive deﬁnite on V1 ⊕ V4. It is easy to verify that the subspace V4 is orthogonal to the subspace V5 with respect
to the form gM . Therefore, the result follows. 
If n = 2, then we see
hi, j = h4−i, j = hi,4− j = h4−i,4− j = h j,i = h4− j,i = h j,4−i = h4− j,4−i
for 0 i, j  4 and h2i,0 = h0,2 j = 1 for 0 i, j  2, where hi, j := dim Hi, j(M, I) [7]. Then we have
Corollary 4.1. If n = 2, then gM is non-degenerate of signature (p2,2 + 3, 3h1,1 − 1) on H4(M,R), where p2,2 := dim P2,2 .
Example 4.1. Let S be an algebraic K3 surface. Let Hilb2(S) be the Hilbert scheme of S of length 2. Then we get
b4 = 276, h2,2 = 232, h4,0 = 1,
h3,1 = h1,1 = 21, p2,2 = h2,2 − h1,1 = 211 [3].
Hence, the quadratic form gM has the signature (214,62) on H4(Hilb
2(S),R).
Example 4.2. Let T be a 2-dimensional complex torus. Let K2 be the 4-dimensional generalized Kummer variety of T . Then
we obtain
b4 = 108, h2,2 = 96, h4,0 = 1,
h3,1 = h1,1 = 5, p2,2 = h2,2 − h1,1 = 91 [3].
Therefore, gM has the signature (94,14) on H4(K2,R).
5. Remarks
Let (M, g, I, J , K ) be a 4n-dimensional compact simple hyperkähler manifold. Let KM be the Kähler cone on the complex
manifold (M, I) and let CM be the positive cone on (M, I) [5]. Then we have a Hodge Index Theorem like this: for any
α ∈ KM , f (α, ) is positive on CM .
Similarly, we can consider the same thing for the quadratic form gM . Let K 2M := {α2 ∈ H2,2(M,R) | α ∈ KM} and let C2M
be the component of the set {α ∈ H2,2(M,R) | gM(α) > 0} which contains K 2M . We call K 2M and C2M the square Kähler cone
and the square positive cone, respectively. We know that H2,2(M,R) = V1 ⊕ V4 ⊕ V5 and the form gM is indeﬁnite on
H2,2(M,R).
Question 5.1. gM(ω2I , ) is nonnegative on C
2
M .
Question 5.2. For any ω ∈ KM , gM(ω2, ) is nonnegative on C2M .
Remark 5.1. If Question 5.1 is true, then this implies that Question 5.2 is also true as follows. Given a Kähler class ω ∈ KM ,
by the Calabi–Yau Theorem, there exists a hyperkähler structure (gω, I, J˜ , K˜ ) such that ω = [gω(I, )]. Using the notations
in the proof of Theorem 3.1, we know that σgˆ = σ and gσgˆ = gM . Let C2σgˆ be the square positive cone of (M, I) with respect
to the quadratic form gσgˆ . Clearly, C
2
M = C2σgˆ . For any β ∈ C2M = C2σgˆ , by Question 5.1, we have
gM
(
ω2, β
)= gσgˆ (ω2, β)= |c|2 · gσgˆ (gˆ(I, )2, β) 0.
Let M be the moduli space of hyperkähler structures on M . Then we have dimRM = 3b2(M) − 5 [7]. Deﬁne the
period map PM :M 	→ H4(M,R) by PM(g, I, J , K ) = [ω2I +ω2J +ω2K ], where ωR := g(R , ) for R ∈ {I, J , K }. Then we see
P−1M (PM(g, I, J , K )) is the disjoint union of the projective curves P1 inM.
We say that a compact simple Kähler manifold M is irreducible symplectic if there is a holomorphic symplectic form
on M . Thus every compact simple hyperkähler manifold is irreducible symplectic. But the converse is also true [1,7]. Now,
we consider
Question 5.3. Let X and Y be 2n-dimensional irreducible symplectic manifolds with n  2. If there is a Hodge isometry
φ : (H2(X,Z), f X ) 	→ (H2(Y ,Z), fY ) and an isometry ϕ : (H4(X,Z), gX ) 	→ (H4(Y ,Z), gY ), then X is isomorphic (or bimero-
morphic) to Y [5,8].
208 K.-S. Park / Topology and its Applications 159 (2012) 200–208Let h : X 	→ Y be a bimeromorphic map that induces an isomorphism on open subsets whose complements are analytic
subsets of codimension  3. Then we know that the maps h∗ : H2(Y ,Z) 	→ H2(X,Z) and h∗ : H4(Y ,Z) 	→ H4(X,Z) are
isomorphisms. Furthermore, h∗ f X = fY and h∗gX = gY , since the quadratic forms f X , fY , gX , and gY depend only on the
holomorphic symplectic structures [5]. But we don’t know whether h preserves the Hodge structures of H4(X) and H4(Y ).
We only know h∗H2,0(Y ) = H2,0(X) and h∗H4,0(Y ) = H4,0(X).
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